




































































































































1ZP(')d'=-c("{0,'),か )雌 順 ,1)),伽乃l－z
jsa冗伽UertibleOpe7'a〃onL:(dA(z)).
ProofAnapplicationofRlbini'stheo-
remshowsthat
（"+')(加十')い(鰯)z2感(1－")‘”
=("+')"(t)'州dt,(2.1)
w…(鰯)=古か伽,fbr"E{0,1).
IfthereexistsapositiveconstantC>Osuch
伽t吉延』州dt≧C("EIO,1),the。
;c≦("+')(2"+')"(")"'"('-")d"
＝("+')〃(‘)’2州‘
=("+')M"P(加州'伽l
Hence"isinvertibleonL:(dA(z)).If
thereexistsapositiveconstantC>0
川h加古上‘州脱≦-c("E[O,1)),
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then(2.1)impliesthat"isinvertibleon
L:(dA(z))aswell.
Corollary3.S叩posePEC({0,1))is
q6oundedaMradmlre(LI-fﾉalued/wzction.
〃tんe7､ee"stsapos"f)econsmntC>0
SuCん伽t""}rfzlL"P(加撫|≧c伽”
ZWs(mMjert"e叩erqtoro"L:(dA(z)).
Proof.SupposepEC(IO,1))isa
boundedandradialreal-valuedfimctionand
thabthereexistsapositiveconstantC>0
1""=0sか(t)dｵ>Cs伽・suchthatinf-"en')1－〃
上'"(t)dtisa,sOc｡ntinuousoPEc(Io,1)),
"(t)d#≧c("E{0,1).Thenonlyeitherof
"(t)脱≦-c(鰯10,1)h･lds.IO,1))or
Infact,ifthereexist"0,z,EIO,1)suchthaL
心伽≧c麺d伽､〃(狐t三-C,
")d,mp,ie'thenthecontinuityof
thatthereexistsa"2EIO,1)suchthat
〃伽-Ⅲi･･･伽dm●｡…the
corollary.
Thefbllowingisourmainresultinthispa戸
per･
Theorexn4．S哩仰osepEC(D)isq
6otmdedqndrqdml,tmd"≧O(orい≦o).
T/Jenthe/oIIo肌叩areeqMtﾉalent:
(1)Zpisbow'dedbeloujonL:(dA(z))
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(2)"is(MwI伽Ueγ肋le叩eratorOn
L:(dA(z))
(3)Tﾉ1e7･ee"stsqpos伽UeconstantC>0
sucht""IP(z)|≧o
(4)Tんeree"stsapos伽UeConsmntC>0
SuCﾉltﾉzat
inf
:I'E[O,1)|古か(t)dt’>C.一
(5)T/1ereez航saposMf)econsm伽K>0
suchtんat
("+')い(加州脱|≧K,
fbrn=0,1,2,…．
Proof.Atfirst,supposethatp≧0.'Ib
provethat(5)implies(3),supposethatthere
existsapositiveconstantK>Osuchthat
("+')|い(t)t2州d#|
=("+')心(')’2叶1dt≧K,
fbrn=0,1,2,･･･.
Thenwehavethefbllowing
IM-'rr(｡脳欝;jl
－咄'"","'蕊かけ'州"｜
=2(1-'z'2)2=("+,)2'z'2緬心(『)『洲1dr.”==0
>2K.
ThusweseethatlP(z)|>CfbrallzED.
Tbprovethat(3)implies(4),supposethat
thereexistsapositiveconstantC>Osuch
thatlの(z)|＞C′orα〃zED.Then"is
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boundedbelowonL:(M(z)).Asaresult,
thenZbisnotcompactonL:(cIA(z)).
UsingTheoremK.Z.,
11
か(『)"≠0lim－一二一一毎→1－1－z
UsingL'HospitaltheoremandpEC(D),the
fbllowingholds:
〃(t)dt=limル'(机‘
11
lim-
お→1－1－〃 垂→1－1－〃
＝ limP(")
鯵一》1－
=:C1.
s伽｡好古上ﾕ州伽≠0and"≧0,
weseeC,>0.
Using"EC(D),thenthereexist"o(E(0,1))
andCb(≦Ci)suchthatp(")≧qfbrall
z≧〃0．Ifz≧〃0,then
"P(t)d*≧f'cbdt=cb(1-").
Hence古か伽≧q伽皿遜≧鰯，
Ontheotherhand,if"<"0,then
上‘岬‘≧伽加‘≧上:cbd[
=cb(1－鰯0)=:cb.
Fbr(0<)"<1,itholdsthat
古か(杣≧か(柚
becauseof(0<)1－鰯<1.Sowe
h師｡古か(躯‘≧い,｡Ⅱ”〈
"o.Putq:=min{q,Ch}.Then
古か伽≧qfbrall"EI叫T加。
weseethat(4)holds.
Inthecaseofp≦O,wecanprovethisthe-
oremaswell.
Tbprovethat(4)implies(5),thisisastrait-
fbrwordcalculationusing(2.1).
Rennark5.Thereexistsanexamplethat
"isinvertibleonL:((IA(z))andthat(4)of
theabovetheoremdoesnothold.Fbrexam-
ple,letp(t)=t－缶.Sincethereexistsa
positiveconstantK>Osuchthat
心(t)#2州‘ｫ≧K,(n+1)
fbrn=0,1,2,…,"isinvertibleon
L:(M(z)/ButfOr"=:,anelementaly
ll
か(‘)脱=Ocalculationimpliesth誠一1－〃
Corollary6.S叩posePEC(D)isq
6owIdedqndrad"J,α耐や≧0(orい≦o).
Thentんefo"o伽叩aree仙加αJent:
(1)"jsa沌伽ひert"eOperqtoron
L:(dA(z))
(2)"isα冊ed加加叩erato7｡on
L:(dA(z)).
(3)Wsnon"α畑sん伽9o耐んeumtc"cle.
(4)Tんeree鯵航sQpos伽UeconsmntC>0
SuCん伽t難|P(z)|>c.
(5)Tんeree勿航s(zpos伽UeconsmntC>0
1ZI'(t)dtlzoか ｡‘>csuchtんatinf"E[O,1) 1－範
ProofCarefUllyexaminingtheproofof
theabovetheorem,thisfOllowsfromTheo-
remB.
Proposition7.
6owzdedfunction.
eqTMﾉalent:
Sfjpposepisq
T/Jentんefo"o伽叩are
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(1)ZWsCMLe/tFre(I加加叩e7､a加ro凡
L:(dA(z))
(2)l躯聖fllzlpe"||L:>0,”んeree"bean
ort加冗ormQI6Qsiso/L:.
ProofThisiswell-known(seellland
[2])．
Corollary8．S迦卯osepisqbotmdedα”d
rad伽んnC伽泌Tんe”tんe'o"oMngare
eqIMﾉαlent:
(1)"'sαルed加加叩e7､atoron
L:(dA(z))
(2)!仰("+')い(‘)‘'州脱|>0
ProofbSincepisradialfilnction,"is
anormaloperator(see{71).Then"isLeft
medholmonL:(M(z))ifandonlyif"is
nedholmonL:(dA(z)).Thusthisfbllows
fromProposition7.
Theproblemwhichwemustconsidernext，
isfbllowing.
Problem9.SUPPosePisqI)oWMiedaM
rad刎九nction.T/zentんefo"o⑩伽gare
eqTMﾉαJent:
(1)"isαルed加加叩erqto7､on
L:(dA(z))
(2)l恕呈fllzlpe"||z,:>0,t'j/'eree"6e""
ort加冗ormqlbasisofL:.
%('(t)t'"*'dか 州ｫ>0.(3)l梁聖f(n+1)
(4)limjnf上"!'(t)d'|>0か ′勿→1－1－〃
(5)]畔flの(z)|〉0
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PropositionlO．S""osepisq
bowldeda伽rad伽fwlctio”αndt加t
酔古か(t)dt=A.
Tんe凡恥isαルed加加叩eγαtoron
L:(dA(z))がandonIZ/が
！畔f古|上』I,(#)!itl
=酔古|か伽|>0
好古か(t)dt=A･･･Proof
(10.1)ifandonlyifliMfs心(t)tsdt=A
･･.(10.2)isaconsequenceofTheoremVIII
in{61viaalogarithmicchangeofvariables(
see[61,Lemma3andTheorem4of[41).So
thisfbllowsfifomCorollary8.
Propositionll.S""oSe"jsqbowzded
qndrad刎血7zctionandt伽t
ll
か(t)dt=A~1im--=--範→1－1－〃
"mminfIP(z)|>0,tんen"is(M
:|zl→1－
例e伽ol7nOpeMoro"L:(M(z)).
ProoflflimmflP(z)|>0,thenTheorem
|zl→1－
%"(t)"&2of[封impliesj鵯("＋1）か t≠u
Thentheequivalence(10.1)and(10.2)im-
pliesthabthereexistsaconstantCsuchthat
l
』鵯("＋'）か(渉)t"cIt=c≠O
Hencewehave
"(t)t"d#’躯聖f("＋'） か州‘
%"(t)M|>0=』4段("＋'） 〃t 州
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UsingCorollary8,"isaRedholmoperator
onL:(dA(z)).
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